A constitutive equation for elasto-plastic damageable solids is formulated by using Drucker-Prager's equivalent stress to analyze the damage failure behavior of concrete structural elements reinforced with carbon fiber sheets. The forumulated constitutive equation is implemented in the two-dimensional finite element program to simulate the experimental results. The constitutive equation is identified by using the uniaxial, compressive and tensile test results for concrete and carbon fiber sheets. The finite element analyses are carried out for real-scaled cantilever RC slabs with and without carbon fiber sheets. The calculated results are compared with the experimental results to illustrate the validity of the proposed method of analysis.
Introduction
Concrete is a standard brittle material in engineering and industry. Reinforced concrete structures with steel bars resisting tension have been used for the nuclear power plants such as nuclear reactor containment vessels and spent nuclear fuel containment vessels (casks) as well as the social resources such as buildings, bridges and tunnels, due to its durability, deformability and economy. In recent years, special attention has been paid to carbon fiber sheets (CF sheets) pasted on the concrete surface with epoxy resin to increase earthquake resistance, repair damage and prevent separation failure (1)- (4) . The CF sheet, which is a material to repair and reinforce concrete, is composed of carbon fibers arranged with resin in one direction. The CF sheet is of light weight (1/5 of steel), high strength (10 times of steel), high rigidity (comparable with steel) and high durability (no corrosion) as well as easy to construct. Considering future development of the CF sheets, it is important to establish the analytical evaluation of the strength and durability of concrete structural members reinforced with CF sheets.
The elasto-plastic model, the smeared crack model and the discrete crack model considering cracking in concrete have been proposed as the analytical model for reinforced concrete (RC) structures (5) . On the other hand, there has been much progress in the application of continuum damage mechanics (6) (abbreviated as damage mechanics) to metal materials. The mechanical deterioration is represented by the internal state variable D called damage variable and the strain energy release rate Y conjugate with D in damage mechanics. It is expected as a branch of mechanics essentially applicable to fatigue fracture and residual life prediction as well as the static and dynamic strength analysis at the material test and structure level.
The validity of the application of damage mechanics to concrete structures has been recognized through the researches on reinforced concrete rigid frames (7) , short fiber-reinforced concrete (8) and high-strength concrete (9) .
The CF sheets are usually treated as linearly elastic materials because of their high strength. However, the modeling based on damage mechanics should be applied to the CF sheets as well as concrete for the ultimate strength evaluation and the life prediction of the concrete structural members reinforced with the CF sheets.
The development of the analysis program based on damage mechanics and its experimental validations are conducted in the present study for the purpose of establishing the method for ultimate strength and lifetime evaluation of the concrete structural members reinforced with the CF sheets. In the application of damage mechanics models to concrete and the CF sheets, the two-dimensional elasto-plastic damage constitutive equation is formulated by using Drucker-Prager equivalent stress in order to consider the difference between the tensile and the compressive strength of concrete. The formulated constitutive equation is implemented in the two-dimensional finite element program. The material constants are identified by using the material test results under uniaxial tension and compression and applied to the ultimate strength analysis of two kinds of RC slab specimens. The validity of the proposed model is illustrated by comparing the calculated solutions with the experimental results.
The formulation of the elasto-viscoplastic constitutive equation and its identification are described in the section 2. The section 3 contains the experimental results for RC structural members under static loading with and without the CF sheets. The results of the finite element analysis are compared with the experimental results in the section 4. The section 5 is the concluding remarks.
Formulation and Identification of Elasto-Plastic Damage Constitutive Equation

Elasto-Plastic Damage Constitutive Equation
The dissipation potential, which is the sum of the plastic potential and the damage potential is expressed by the following equation:
where P F is the potential for the growth of plastic strains, which is a function of the effective stress σ , the plastic hardening parameter γ and the scalar damage variable D . D F is the potential for the evolution of damage, which is a function of the strain energy release rate Y , the equivalent plastic strain p and the damage variable D .
In the formulation of the constitutive equation, the yield function is assumed as follows:
where the following notations are used: eq σ ; effective Drucker-Prager equivalent stress, y σ ; the yield stress, α ; the material parameter, 1
I ; the first invariant of stresses and '
The yield function given in Eq. (2) is assumed as the plastic potential. The following equation holds on the yield surface considering damage.
The plastic strain increment p dε and the equivalent plastic strain increment dp are given by the following equations: (7) where λ d is a proportional coefficient.
As the total strain increment in the elasto-plastic state is the sum of the elastic strain increment and the plastic strain increment, the effective stress increment can be expressed as follows:
where C is the stress-strain matrix. e dε and p dε are the elastic strain increment and the plastic strain increment respectively. The plastic hardening parameter and its increment are assumed as follows: 
where K and n are the material constants. The damage increment is obtained by the following equation:
Substituting Eqs. (8), (9) and (11) into Eq. (5) and solving it with respect to λ d , the following equation can be obtained:
The substitution of Eq. (12) into Eq. (8) leads to the following relation between the effective stress increment and the strain increment (10) , (11) :
where C is the effective stress-strain matrix considering the elasto-plastic damage. The relation between the stress increment and the strain increment is expressed by the following equation:
where epd D is the tangential stress-strain matrix considering the elasto-plastic damage, which relates the stress increment with the strain increment and is given by the following equation:
The damage evolution equation as given by the following equation is used in the present study (6) :
S are the material constants. It is assumed that the damage evolves with an increase of the equivalent plastic strain. The strain energy release rate Y is a function of Young's modulus E and the equivalent stress eq σ as expressed by the following equation:
Identification of Material Parameters
The material constants of concrete used in the constitutive equation have been determined as shown in Table 1 by the curve-fitting technique for the uniaxial compressive and tensile test results given in Fig. 1 and Fig. 2 . As for the sign of stresses and strains, the tensile side and the compressive side are assumed to be positive and negative respectively. pd ε and cr D in Table 1 . It is noted that cr D has been determined to correspond to the fracture point in the material testing. As seen from Fig. 1 and Fig. 2 , the identified stress-strain curves ('MODEL' in the figures) have corresponded totally well to the material test results.
The material constants of the CF sheet has been determined as shown in Table 2 from the uniaxial tensile test result given in Fig. 3 . The material constants as shown in Table 3 are used for the reinforcement steel bar (SR235 with the diameter of 13mm) which has been assumed to be elasto-plastic as it is generally unnecessary to take damage and fracture into account. 
Static Loading Tests for Concrete Structural Members
The clamped RC slab structure used in the experiments is schematically shown in Fig.  4 . It is composed of the clamped slab and the supporting part both of which are reinforced with steel bars. Two large-scale test specimens as shown in Fig. 4 with and without the pasted CF sheet reinforcement have been prepared and loaded vertically downwards by the loading apparatus as sketched in Fig. 5 . Figure 6 shows the load-displacement (at the loaded point in Fig. 5 ) curves for the tests with and without the CF sheet reinforcement. The final fracture patterns are shown in Fig.  7 and Fig. 8 . In the case of no reinforcement, there has occurred cracking under the load of 24kN at the root of the upper surface of the slab and at the middle between the root and the loaded point, which has propagated in the thickness direction with an increase of the load and finally reached the lower surface of the slab as shown in Fig. 7 . In the reinforced specimen, there has occurred small cracking under the load of 30kN near the interface between the CF sheet and the concrete. Then the crack has propagated from the upper surface to the lower surface at the root of the slab. The CF sheet at the root has fractured at the load of 77kN as shown in the final state of Fig. 8 . 
Comparison of Finite Element Solutions with Experimental Results
In the present section, two types of test specimens described in the preceding section are analyzed by the two-dimensional (plane strain) finite element analysis program (12) with the elasto-plastic damage constitutive equation formulated in the section 2. The calculated solutions are compared with the experimental results. Fig. 5 shows the loading condition which is a concentrated loading. The displacements at the lower and side surface of the base part of concrete are fixed as the boundary conditions.
The concrete and the CF sheet are modeled as an elasto-plastic damage solid with the Table 1 and Table 2 respectively. The steel bar is modeled as an elasto-plastic solid with the material constants shown in Table 3 . Only the upper horizontal steel bars are modeled as a thin plate (with the thickness of 0.19mm) of equivalent rigidity as shown in Fig. 9 . The interface with the concrete is assumed to be completely fixed, on which the displacements are continuous.
The calculated results for the damaged zone, in which the damage variable exceeds the critical damage cr D , are shown in Fig. 10 and Fig. 12. Fig. 11 and Fig. 13 are the load-displacement curves, which are compared with the experimental results.
In the case of the specimen without the CF sheet reinforcement shown in Fig. 10 , the second vertical cracking a little far from the root as well as the main vertical crack at the root have corresponded well with the experimental results shown in Fig. 7 . The calculated load for crack initiation 27kN (the symbol ◇ in Fig. 11 ) agrees well with the experimental value of 24kN.
The high level stress of about 150MPa takes place in the calculated result when the crack passes through the steel bars. It is seen that the interaction between the cracking and the steel bars in RC structures has well been simulated. However, the cracks, which have initiated in the concrete elements along the steel bars, have propagated in the axial direction of the member in the calculated result shown in Fig. 10 . This may be due to the assumption for the adhesion between the steel bar and the concrete in the present, two-dimensional model with the equivalent rigidity of the steel bars.
In the result for the specimen reinforced with the CF sheet, the concrete cracking under the CF sheet as well as the vertical crack at the root have corresponded well with the experimental result as shown in Fig. 12 . The number of vertical cracks at the root is one in the experiment and is two in the analysis. This difference is probably due to the modeling of the steel bars. However, the vertical crack in the experiment is positioned between the two cracks in the analysis, which can be considered to be a good agreement.
The experimental observation for the load-displacement curve, in which the brittle fracture behavior with a sudden load drop takes place after the fracture of the CF sheet, has also well been simulated as shown in Fig. 13 . The calculated ultimate load of 82.5kN has agreed well with the experimental value of 77kN. It is noted the calculations have been finished when the structures have almost collapsed, both in Fig. 11 and Fig. 13 . 
Conclusion
In the present study, the two-dimensional finite element method implementing the elasto-plastic damage constitutive equation based on damage mechanics has been applied to the damage and fracture analysis of the RC structural members reinforced with the CF sheets.
The following conclusions have been obtained: (1) The stress-strain relations of the concrete and the CF sheets have been successfully identified by the elasto-plasic damage constitutive equation using Drucker-Prager equivalent stress. (2) The calculated damage zones have corresponded well with the experimental crack propagation in the RC slabs from which it is seen that the damage mechanics model is valid for the damage evaluation of the concrete structural members reinforced with the CF sheets. The validity of the present analysis has especially been demonstrated by the fact that the concrete cracking under the CF sheet has well been simulated. (3) In the present analysis, the load-displacement curves have also corresponded well with the experimental results under the assumptions of the isotropic damage, the equivalent rigidity of steel bars and the two-dimensional plane strain. However, the introduction of the anisotropic damage as well as the model identification based on the material test results under multi-axial stresses are necessary in order to increase the accuracy and the availability. (4) The repair and the maintenance to increase the lifetime are important technologies for concrete structures. The quantitative evaluation of the chemical aging, the mechanical damage accumulation due to earthquakes and fatigue and their coupling behaviors is necessary for the appropriate maintenance. The fatigue damage evaluation as well as the residual strength estimation are the future subjects following the present study.
